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�L�9tk
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,6?7
!*�Æ
!*B�
MR(2000) sY?K 90C35; 90C27r\?K O221.7

1 kf�N";vmF% (multicommodity flow problem), Æ?�N"mF%�t;vm
(network flow) gHk�2���y�/I5ANS��;aA&w"RBS���sG�|��,nT[�T/t>.8
�a;�!�`�;v^�!v#Lm,lKC�ki�F%	
4/u�N"mF%k)�nOhwF%v/05�!+tb0
s�0w�k05�� [1,2], t(
4gH+�Pk�`��72	�B 2010 � 10 X 26 Jxd�2011 � 3 X 14 Jxdx)-�
∗ a�b�K)F�q" (L2010514) !�_��
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;;C8u9'w#�h,[�L�9tkD# 503/uk.℄�N"mF%0Eo3�N"�k�T	It�|�i�k.℄�N"mF%}4fnZve3�N"|�k�T	�2uqkY#t� 2008 �G��Gv!&w6N��
|!℄�_n?t|�k6NN"�!F%	���{�b 2008 ��GG.��k�KP�,���G|�,<0V�k�2n?
|
!℄k�_	>
6N|_n?��Gv!&{	�nT��k�vb�2k_?[
℄`k6NN"�YP�g&���T��^�llÆ-f�f�&wn�T℄`k�NGOh�K�	��n�9M�=��8m&{EoV�k^2F%��2tPU.℄
6NN"k'`Æh�2tPU(Y (nhx) 0-n?|�kV(�!	g=d
��8mz�0I�2��=.℄
6NN"k'`�>�=(Y3�z�kt|��	H�PU3�=gen�k�2.8�8��"{�TÆ�$'W���2�A�G���_6Nt|k��I!�F
nC2�2�N"m	�!�>
��n�F%�H�I!WO��2\0k�N"mF%�-^�>I/��F℄5:(�,K)�1k
4�zI6Nk.8��	F
n��n�i�F%4I
�2z(Y3�N"z�k.℄�N"mF%	nU�9A|�kM+�H�0(5 “N" ”�Q*qo&��5/*qt�
otFyot	R6��:�
w�8|TC+lKC�/<IY(F%	YP� 2009 �� 2010 �k{}�r W℄2�n?9A2�*<$m����R�R℄℄>K<<-f,k5`Æbn�0I|V�WSn80F�!�R�xz�(Y3�N"km`k�N"mF%,0
D�k��	'
Æ|�℄^Eo3�N"�Æ��Tk.℄�N"mF%�gIon
4	Q�kF%.+ =�mBm
���� [3].

2004 ���G�		��V�'Wab0�A;vmkSsF��k���/f4x�bi���H�z�Eo3��N";vmF%�YP�PU>'m`.℄63�0-N"km`#�AYn�k�N";vmF%Æg��k<=Æ�!~w�k�N";vmt�2X=34kF%	W�si*��VWakAt�A;vm
4k
h<=��k�
$'	����z(Y3�N"m`k�N"mF%<=��ki�$'Æh����9A “(Y3�N"kz�” n=d<=Æ�0Ezw�7�3kr�
Æ���t�2��wkF%�
0t�2
0k	�F%��!b	�WtX�NSk	�℄bSsWIon
4n�F%�H�fz��Z�2�=*s(F%k
0k	��q	|e!W��k1
� Cw4IT
4�2!~k.℄�N"mF%�H�?/><=D9w:(x$�k.℄�N"mF% (MMFP-GFMR). (F%0(bSsW�&
.℄�N"mF%k�N�
6bi�W�=*sz�(Y3�N"m`k.℄�N"mF%�-I5A8
\�ki�F%	YPH�I!,K>�(F%P
4
“�G���_6N” k.8t|��	 C
Bk�N+}PV�r 2 �4I&�krL{kÆr 3 �z'F% MMFP-

GFMR, -x�/�YbÆr 4 �^�>� MMFP-GFMR k"+��Ær 5 �
4��k$^wF"+C�Ær 6 �k�H�k��w�Ær 7 ���n'�DC	
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2 n4pT �4I&�krL{k	^ G = (V, E) t�23 1, PI�k'�I!t=bk��I!tIbk�H�7?/>�2lW3 (hybrid graph),nU V T E �+*q Gk�=k�tF�=k'	H��=b3TIb3}C0lW3k!Y	b �FV��U�H�'	z\�k3>�2lW3	4z�2<=B (nN`)ck3G = (V, E)TH = {[si, ti] : si, ti ∈ V ; i = 1, 2, · · · , k},nU c : E → R+ tBO	� R+ = [0,∞), 
 si T ti �+*qN" i k
ot
(R) Fyot (k), H�?SL+W (G, c, H) >�2�N";v (multicommodity net-

work). ^ [si, ti] ∈ H; si, v1, v2, · · · , vl, ti t G k�+JI� si = ti 
60�=$R\lk�tÆ ej t G k�+! vj T vj+1 >�tk'� 0 ≤ j ≤ l, nU v0 = si,

vl+1 = ti (b ej >=b'f� vj T vj+1 &{�+> ej kmtFÆt). H�?
P = [(si, e0, v1), (v1, e1, v2), · · · , (vl, el, ti)] > (G, c, H) k�( si − ti− n1	 (>
!℄b��WÆ`�b ej 0z��If�H�5 (vj , vj+1)_* (vj , ej , vj+1); b vj T vj+10z��If�H�5 ej _* (vj , ej , vj+1)). ^ Pi t�) si − ti− n1�6�A�=k P ∈ Pi T e ∈ E(P ) }= c(e) > 0, i = 1, 2, · · · , k, nU E(P ) *q P kD&'	H�? P =

k⋃
i=1

Pi > (G, c, H) Wk�2 (ub) kn1T/�-5 P|(G,c,H) P*q�nÆ�> P .:j 1 ^ P t�n1T/	PI1Y y : P → R+ x(�
∑

e∈E(P ),P∈P

y(P ) ≤ c(e), ∀ e ∈ E(P),nU E(P) = {e ∈ E(P ) : P ∈ P}, i.e. E(P) *q P k�='��{H�? y > P Wk�2�N"m�Æ?>m (H�I!~An� y(P ) S�> y ��n/ P km`); 
?
V (y) =

∑
P∈P

y(P ) > y km`nm��? Vi(y) =
∑

P∈Pi

y(P ) > y k�AN" i k�mkm`nm�	<℄�H�5 F [P ](nÆ`n5 F ) *q P WkD&m	u 1 ���{��A (x(�!tm`{Z:ok)m=^�z'���t5'uWkO	0z'Æh��taW���5n1T/WkO	0z' (nf��z'km�x(�!tm`{Z:o�� [5]). Æ`0�� C(79n1T/WO	�z'km)t
4	��P
��>x(Æ�(�k�N"mF%?>�N"mF% (Multicommodity

Flow Problem)(MFP). V�tz2<�k�N"mF%	F%b P W�k�2m y lg
V (y)Ze.℄�i.e. V (y) = V̂ = OPT[P ](= max{V (y) : y ∈ F [P ]}),?> P Wk.℄�N"mF% (Maximum Multicommodity Flow Problem)(MMFP),6� [4]. �2x( MMFP

1?�2ipKzj:5D [4] ip 2 im.�<? d�
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;;C8u9'w#�h,[�L�9tkD# 505km y ?> MMFP k�	�A4zk bi, i = 1, 2, · · · , k, �k�2m y lg Vi(y) ≤ bi6 V (y) Ze.℄� i.e. V (y) = V (= max{V (y) : Vi(y) ≤ bi, i = 1, 2, · · · , k; y ∈ F}), ?>|Z.℄�N"mF% (Maximum Flow Problem with Bounds)(MMFP-B). �A4zk bi, i = 1, 2, · · · , k, �k�2m y lg Vi(y) = bi ?>*,�N"mF% (Common

Flow Problem)(CMFP). �A4zk bi, i = 1, 2, · · · , k, �k�2m y lgb Vi(y) =

λbi, λ ∈ [0, 1] k(�V V (y) Ze.℄kF%�?>.℄���N"mF% (Maximum

Concurrent Flow Problem)(MCFP)[6,7].u 2 TÆ�$'W��F% MMFP-B, CMFP T MCFP }IC0 MMFP k�aF%�
 bi I!S�>�AN" i kz>`�R6fI!� (bi) S�>z>b`	�AF% MCFP P
�i�W λ = Vi(y)
bi

, H�I�/S�>m y �AN" i kx$p	b biE�℄!� bi ≥ OPT(P) f� MMFP T MMFP-B tl
k	
3 _ZCDYbH�Bm�Enz'H����skF%	>
�(~mS����Zk�q�H�W,KV�kY#�/$'0)�1k
�	M 1 �A�G���_6Nt|�	zN�g&TJNN"k�v�+>�.
(v1) T'% (v2), 
z�6Nkn?�+>D� (v3), WM (v4) TJP (v5). `	zD��WMTJP�Ag&TJNN"kz>`�+�S> b13, b14 T b15 F b23, b24 T
b25; R6�f	znS3�v�+= b31, b41 T b51 	`k�NGOz�b�.�T	bn�	zV�EoPU�>(t|k.8�8	 (Æ�0��nUH�	z6Ntb�2Ezk��W)tk	R6�H�f^q
3�`k`?v/�g	)�Q�^=�k�,T/rA�23 G, /3�n[k.℄[�`rA(3kBO	 c. 5 [s13, t13] *qT v1 [
g&e v3, [s23, t23] *qT v2 [
JNN"e v3,

[s31, t31] *qT v3 �T�NGOe v1, ll	`i H = {[sij , tij ]} T b = (bij). At�
vi, 1 ≤ i ≤ 5 }t G k�t�
 (G, c, H) <A�2�N";v	)
�5:r��k���\��8F%IVqn�
> (G, c, H) W<=z>b` b kz�(Y3�N"m`k.℄�N"mF%	9A Vij(y)

bij
*qx$p�>
��(F%�.Qk��bFtkI�2 MMFP-Bk�lg (Vij(y)) = (λbij), -6 λ = V∑

bij

; H�?n�km> MMFP-B kS℄�n��t	It�7,<9MP
�9A|e�W�xm�.℄kZ��n�k�tk0ekÆ
H�I!0ek��t�[nxt Vij(y)
bij

lg��,`k��nAY	g=d
�H����[n�k(F%kR�n��	>
iY(Y3�N"kz�n��k��2i�k�etTt&Wlg (Vij(y))D9wn"+S℄��n
.d
∑
|Vij(y)−λbij |.�7t
�,K.d
∑

|Vij(y) − λbij | P*Y(Y3�N"kz�	XF��2x(W�(�km�=4=[n��H�8
\�F%	�!��A(6Nt|P
�H�I!WkI�2x(W�(�km�F℄`5:�,K)�1k
40I.8�8	
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�YH�4IPVz'	:j 2 ^ P t�N";v (G, c, H) Wk�2n1T/�6 b = (b1, b2, · · · , bk).i λ = V
/ k∑

i=1

bi. F%�b P W�k�2m y lg�t MMFP-B k�2��-6
k∑

i=1

|Vi(y)− λbi| .d� i.e. V (y) = V 6 k∑
i=1

|Vi(y)− λbi| = min
{ k∑

i=1

|Vi(y)− λbi| : Vi(y) ≤

bi; V (y) = V , y ∈ F
}
, ?><=D9w:(x$�k.℄�N"mF% (Maximum

Multicommodity Flow Problem with Global Fair Met Rate)(MMFP-GFMR).9Y 1 I��F% MMFP-GFMR ki�$'t�Xk	R6(F%f<=��kSs$'	zW� MMFP-GFMR XFt�2!~k MMFP. /S� MMFP-GFMR T
MCFP I!I>t9-�2i�F%�;ak	siW�F% CMFP t�2�Xi�>XS℄kF%	"{� CMFP k��t MMFP-B k��>t MCFP k��n�7t
� CMFP k�-f<=.℄mT��mk!s	at�b��9MV��t}=�k	�!bi���H�/<7bA.℄wT��w^m|�	bH�7bA��wf�H��zW�xx$p��� i.e. Vi(y) = λbi, F℄`Wlm�,`n℄�n(;a
F% MCFP. 
bH�7bA.℄wf�H��zW�xm�.℄�F℄`Wlx$p,`n���n(Vqn;a
F% MMFP-GFMR.u 3 =f�9ASsFi�k:*!vi�k$^w�Ss
4��>NSi�wF%"8�2�!wk6E�H�I>n�
4�t$℄	�
hk�2��k�b	u 4 b bi ≥ OPT(P), 1 ≤ i ≤ k T bi, 1 ≤ i ≤ k, \lf�MCFPT MMFP-GFMR�+>PVF%��>�2m ylg V (y) = max{V (y) : Vi(y) = V1(y), i = 1, 2, · · · , k, y ∈

F};T�>�2m y lg V (y) = V ,
k∑

i=1

|Vi(y)− 1
k
V | = min{

k∑
i=1

|Vi(y)− 1
k
V̂ | : y ∈ F, V (y) =

V̂ }. ℄mI!S�>n�k�2F%�zW�x'km�Ze.℄�F℄`^�lg32�mkm`,`n��(A	:L 1 F% MMFP-GFMR k�Yb	~ "{ B = {y ∈ F : V (y) = V , Vi(y) ≤ bi, i = 1, 2, · · · , k} 6= ∅. b B kL�=Zf�zS 1 k�st(�k	b B kL�IZf� inf
{ k∑

i=1

|Vi(y) − λbi| : y ∈ B
} Yb-6=Z�nU λ = V

/ k∑
i=1

bi. ^ b = inf{
k∑

i=1

|Vi(y) − λbi| : y ∈ B}, f B ��XYb�2~e {yj} lg lim
j→∞

[ k∑
i=1

|Vi(yj)− λbi|
]

= b, 6�A�=k P ∈ P tZ lim
j→∞

yj(P ) }Yb	`i y(P ) = lim
j→∞

yj(P ), ∀P ∈ P , f y = (y(P )) ∈ B, -6 k∑
i=1

|Vi(y)− λV | = b. n�7t
� y t MMFP-GFMR k�2�	x%	
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4 W= ����[A^��2>�F% MMFP-GFMRk"+���(��tH�n`72k.��AI	F(gH�!<k℄2�72k�2X�k?+t�H�t,K�Z �;v�F℄V5�2 {k"+��)t��Æ�k��P^�H�k��k	>
Æ��TYbBmH�b=b3kL�V��k�H�k72	���{�I5\0k LP P>� MMFP, at���P
�9A\0k LP kE��℄�n�0tXN�k��!�k(F%k+W"+��t�`XiGp�k72	bKAk�2�r�U�n`72�~t;vmgHUk�2��k
4�b	
2000 ��5: [7] kL�w72�Korte T Vygen[4] 4I
V�k�� 1 -x�
�t�2> MMFP k ε- "+� (ε- approximate solution,� [8]) k7D�`o"+�� (full

polynomial time approximation scheme)(FPTAS), � [4] k 19.2.X> 1 (�A MMFP k FPTAS) �Q��N";v (G, c, H), n1T/ P(6= ∅), P:6	 ε (0 < ε < 1
7 ). �I� P Wk<=zS 2(�V�) ��w�km y∗.

1. � y(P ) = 0, ∀P ∈ P . � z(e) = δ = [n(1 + ε)]−[ 5
ε
](1 + ε), ∀e ∈ E(P).

2. � z[P ] :=
∑

e∈E(P )

z(e), ∀P ∈ P . F℄b P ��k P ∗ lg z[P ∗] = min{z[P ] : P ∈

P}. b z[P ∗] ≥ 1 f�� 4.

3. � γ := min{c(e) : e ∈ E(P ∗)}, y(P ∗) := y(P ∗) + γ, 6 z(e) := z(e)[1 + εγ
c(e) ],

∀e ∈ E(P ∗). � 2.

4. i ξ = max{ 1
c(e)

∑
e∈E(P ),P∈P

y(P ) : e ∈ E(P)}, 6 y∗(P ) = y(P )
ξ

, ∀P ∈ P .u 5 �A�� 1, 5:rK�kzS 2, V (y∗) ≥ 1
1+ε

V̂ = (1 − ε
1+ε

)V̂ . n*� y∗ t�2 ( ε
1+ε

)- "+�	9A ε tH$k��� 1 i�Wt�2 ε- "+��	5:�� 1,�lV�k���H�I!4I�2�A MMFP-GFMRk"+��	zW�,K<d �;v�V5�� 1, �Z�2�A MMFP-B(T CMFP) k ε− "+���xPV�� 2. F℄��S,K9�� 2 >I&�k��)`�<d �;v�TV5�� 1 �$n)t��Æ��^�I�A MMFP-GFMR k�2"+���xPVk�� 3.X> 2 (�A MMFP-B (CMFP) k FPTAS) �Q��N";v (G, c, H), n1T/
P , b` b TP:6	 ε (0 < ε < 1

7 ). �I� P Wk<=zS 3 ��w�km y∗.

1. � Ṽ = V ∪ {t̃i : i = 1, 2, · · · , k}(t̃i∈V ),

Ẽ = E ∪ {(ti, t̃i) : i = 1, 2, · · · , k},

H̃ = {[si, t̃i] : i = 1, 2, · · · , k},
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c̃(e) =

{
c(e), e ∈ E,

bi, e = (ti, t̃i), i = 1, 2, · · · , k,
, G̃ = (Ṽ , c̃, Ẽ),

P̃i := {[(si, v1), (v1, v2), · · · , (vl, ti), (ti, t̃i)]

=P + (ti, t̃i) : P = [(si, v1), (v1, v2), · · · , (vl, ti)] ∈ Pi}, i = 1, 2, · · · , k;

P̃ :=

k⋃

i=1

P̃i.

2. �A P̃
∣∣
(G̃,̃c,H̃)

Wk MMFP F�Q ε, 5�� 1 >I ỹ∗.

3. � y∗ = ỹ∗(P + (ti, t̃i)), ∀P ∈ Pi, i = 1, 2, · · · , k.u 6 nU�H�,K�2Æ`kY#PGqn
��V�� 2 k�℄	�A G >3 1 k;v (G, c, H), 4z b = (b1, b2), i
P1 = {[(s1, t1)], [(s1, s2), (s2, t1)]},

P2 = {[(s2, t1), (t1, t2)], [(s2, s1), (s1, t2)]}, P = P1 ∪ P2.Eo MMFP-B.2 G̃(3 2), -,Kz' c̃ �< �;v (G̃, c̃, H̃), nU
c̃(e) =

{
c(e), e 6= (ti, t̃i), i = 1, 2;

bi, e = (ti, t̃i), i = 1, 2.`z' P̃ PV�
P̃1 =

{
[(s1, t1), (t1, t̃1)], [(s1, s2), (s2, t1), (t1, t̃1)]

}
,

P̃2 =
{
[(s2, t1), (t1, t2), (t2, t̃2)], [(s2, s1), (s1, t2), (t2, t̃2)]

}
.5: P F P̃ k�T�^ ỹ t MMFP(P̃)(�A P̃ k MMFP) k��-i y(P ) =

ỹ(P + (ti, t̃i)), ∀P ∈ Pi, i = 1, 2, nU (P + (ti, t̃i)) *q [· · · , (ti, t̃i)], 
 P = [· · ·], f y t
MMFP-B k�	+R�H�I!,K5�� 1 > MMFP(P̃) k"+�P> MMFP-B k"+�	n7tH�^��� 1 k�℄	
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;;C8u9'w#�h,[�L�9tkD# 509X> 3 (�A MMFP-GFMRk"+��) �Q��N";v (G, c, H), n1T/ P ,b` b TP:6	 η > 0. �I� P Wk<=zS 4 ��w�km y∗.

1. � ε0 ∈ (0, 1
7 ). �A P , b T ε0, 5�� 2 >I MMFP-B k�2"+� y∗

0 . PI
(1 + ε0)V (y∗

0) ≤ η, � y∗ = y∗
0 . *s	�f�� ε = min{ η

(1+ε0)V (y∗

0
) , ε0}. F℄��A ε `S[5�� 2 >I MMFP-B k�2"+� y∗

1 . .℄�� U = V (y∗
1) + η (�$ U ≥ V , ;6EzS 4 kx�	)

2. � Ṽ = V ∪ {t0, t̃0; t′i, t̃i : i = 1, 2, · · · , k} (t0, t̃0, t
′
i, t̃i∈V ),

Ẽ = E
⋃

{(ti, t
′
i), (t

′
i, t̃i), (t

′
i, t0), (t0, t̃0) : i = 1, 2, · · · , k},

H̃ = {[si, t̃i], [si, t̃0] : i = 1, 2, · · · , k},

G̃ = (Ṽ , Ẽ); P̃i = {P + (ti, t
′
i) + (t′i, t̃i) : P ∈ Pi},

P̃ i
0 = {P + (ti, t

′
i) + (t′i, t0) + (t0, t̃0) : P ∈ Pi}, i = 1, 2, · · · , k;

P̃ =
( k⋃

i=1

P̃i

) ⋃( k⋃

i=1

P̃ i
0

)
;

λ̃ =
U∑
bi

, b := 0,

c̃(e) =





c(e), e ∈ E(G),

bi, e = (ti, t
′
i),

λ̃bi, e = (t′i, t̃i)

U, e = (t′i, t0), i = 1, 2, · · · , k,

b, e = (t0, t̃0).

3. �A P̃ T ε, 5�� 1 >I MMFP k�2"+� ỹ∗. (�$�nf�9A b = 0,

(
k⋃

i=1

P̃ i
0) tIek�siW P̃ = (

⋃
P̃i).) PI V (ỹ∗) ≥ 1

1+ε
V (y∗

1), � ỹ∗
1 := ỹ∗. F℄� 6. �f�� ỹ∗

2 := ỹ∗, a := 0, b := U . �A P̃ T ε, `5�� 1 >I MMFP k�2"+� ỹ∗
1 . F℄)tV�1	 (�$�9A U ≥ V , V (ỹ∗

1) ≥ 1
1+ε

V ≥ 1
1+ε

V (y∗
1).)

4. � b := a+b
2 .

5. �A P̃ T ε, 5�� 1 >I MMFP k�2"+� ỹ∗. (i) V (ỹ∗) ≥ 1
1+ε

V (y∗
1),� ỹ∗

1 := ỹ∗. PI (b − a) < η, � 6. �f�� 4. (ii) V (ỹ∗) < 1
1+ε

V (y∗
1), �

ỹ∗
2 := ỹ∗, a′ := b, b := 2b − a, a := a′. PI (b − a) < η, � 6. �f�� 4.

6. � y∗(P ) = ỹ∗
1(P + (ti, t

′
i) + (t′i, t̃i)) + ỹ∗

1(P + (ti, t
′
i) + (t′i, t0) + (t0, t̃0)), ∀P ∈ Pi, i =

1, 2, · · · , k. *s	u 7 �A� 6 �k (G, c, H), b = (b1, b2) T P , EoPU> MMFP-GFMR k"+�	



510 - 2 � � � � 34>zW0 G̃(3 3), -,Kz' c̃ F H̃ �< �;v (G̃, c̃, H̃), nU� c̃((t1, t
′
1)) =

b1, c̃((t
′
1, t̃1)) = λb1, c̃((t2, t

′
2)) = b2, c̃((t

′
2, t̃2)) = λb2, c̃((t

′
1, t0)) = c̃((t′2, t0)) = V , c̃((t0, t̃0)) =

b ()`), T c̃(e) = c(e) ∀e ∈ E(G); H̃ = {[s1, t̃1], [s1, t̃0], [s2, t̃2], [s2, t̃0]}. `z' P̃ PV� P̃ = P̃1

⋃
P̃0

1

⋃
P̃2

⋃
P̃0

2 , 6 P̃1 = {P + (t1, t
′
1) + (t′1, t̃1) : P ∈ P1}, P̃0

1 = {P +

(t1, t
′
1) + (t′1, t0) + (t0, t̃0) : P ∈ P1}, P̃2 = {P + (t2, t

′
2) + (t′2, t̃2) : P ∈ P2}, P̃0

2 =

{P + (t2, t
′
2) + (t′2, t0) + (t0, t̃0) : P ∈ P2}.

�
�

�
�

�
�

@
@

@
@

@
@

r

r

r

r r

r
s2

s1 t2

t1

t′2

t′1
�

�
�

@
@

@

r

r

rrt0

t̃2

t̃0

t̃11 3^ y t MMFP-B k�2��f V (y) = V1(y) + V2(y) = V = λ(b1 + b2), nU
λ = V

b1+b2
. +R�(V1(y)−λb1) = −(V2(y)−λb2). ^ (V1(y)−λb1) > 0,f∑

|Vi(y)−λbi| =

2(V1(y)−λb1) = 2[max{V1(y)−λb1, 0}+ max{V2(y)−λb2, 0}]. T
� y > MMFP-GFMRk�E�&� [max{V1(y) − λb1, 0} + max{V2(y) − λb2, 0}] .d	�$e t̃0 I!C0�2MY)Q (t1, t
′
1) 
0�=)Q (t′1, t̃1) (n)Q (t2, t

′
2) 
0�=)Q (t′2, t̃2)) kmkK�	i w = 1

2 min{
∑

|Vi(y) − λbi| : Vi(y) ≤ bi, y ∈ F [P ]}, f�
(i) b b < w f� OPT [P̃] ≤ V (V = max {V (y) : Vi(y) ≤ bi, i = 1, 2; y ∈ F [P ]}).+R��A P̃ TE�dk ε, 5�� 1 �>Ikm ỹ 00x( V (ỹ) ≥ 1

1+ε
V .

(ii) b b = w f�^ ỹ t MMFP(P̃) k��-

y(P ) =





ỹ(P + (t1, t
′
1) + (t′1, t̃1))

+ỹ(P + (t1, t
′
1) + (t′1, t0) + (t0, t̃0)), P ∈ P1;

ỹ(P + (t2, t
′
2) + (t′2, t̃2))

+ỹ(P + (t2, t
′
2) + (t′2, t0) + (t0, t̃0)), P ∈ P2,f y t MMFP-GFMR k�	

(iii) b b > w f� OPT[P̃ ] = V . +R��A P̃ TE�dk ε, 5�� 1 �>Ikm ỹ 0x( V (ỹ) ≥ 1
1+ε

V .5: (ii) F�� 1, ��ke
 w 7I!>g MMFP-GFMR k"+�	5: (i)F (iii), �E�dk ε T?� (b1, b2) lgb b = b1 f5�� 1 �>Ikm ỹ 0x(
V (ỹ) ≥ 1

1+ε
V ; 
b b = b2 f5�� 1 �>Ikm ỹ x( V (ỹ) ≥ 1

1+ε
V , f w ∈ (b1, b2).T
�I!,K��n�� (b1, b2) k=�+�nke w. �� 3 7t/ln��℄
^�IPk	�� 3 |��bA�Z �;vTV5�� 1 �en)t��Æ�	n���t�0-A!<k\���k��!s	�g�$kt�(��I5A>�/�k;vmF%	
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5 W=�b ��sW��4Ik��kuEw�"+�v$^w	:L 2 (Theorem 19.6 of [4])�� 1k$^w>�O
(

1
ε2 km2 log n

)
,nU k = |H |, n =

|V (G)|, m = |E(G)|. �A�24zkF% MMFPF T ε ∈ (0, 1
7 ), ^ y∗ >�� 1 k�I�f y∗ t P Wk�2m�6

V (y∗) ≥
1

1 + ε
OPT(P)(= V̂ ). (1)~ ;6� [4] k Theorem 19.6 v/x��n [5]. x%	u 8 �� 1 TzS 2 �+t [4] kre5j�k Multicommodity Flow Approxima-

tion Scheme T Theorem 19.6.  C,KPV)|���)t
*)	 (i) b [4] kn^`�N�� ε ∈ (0, 1
2 ]; 
b Ck�� 1 TzS 2 �� ε ∈ (0, 1

7 ]. (ii) b [4] k Theorem

19.6 ����k[tf�>� O( 1
ε2 kmn2 log n); 
b CkzS 2 ����k[tf�>� O( 1

ε2 km2 log n). �AH��0k)|kS9FuEw;6� [5].PW����� 1 k�I y∗ t4zk MMFP k�2 ε- "+�	9A�A4zk
ε P
� O( 1

ε2 km2 log n) = O(km2 log n), zS 2 *��� 1 t�2> MMFP k ε- "+�k FPTAS.:L 3 �� 2k$^wF�� 1k$^w\-	̂ y∗ t�� 2k�I�f y∗ t PWk�2m�6 V (y∗) ≥ 1
1+ε

V , Vi(y
∗) ≤ bi, i = 1, 2, · · · , k (x y∗ t�A�Q P T b k

MMFP-Bk�2 ε-"+�	h6�PI\0k CMFPk�Yb�f V (y∗) ≥ 1
1+ε

(
∑

bi),n�7t
� y∗ t\0k CMFP k�2 ε- "+�	)~ � [5]. x%	:L 4 �� 3k$^w> O(( 1
ε2 km2 log n)·(log V

η
)),nU ε = min{ε0, η[(1+ε0)V ]−1}.^ y >\0kF% MMFP-GFMR k�� y∗ >�� 3 k�I�6

Yi = max {Vi(y) − λbi, 0}, Y ∗
i = max{Vi(y

∗) − λbi, 0}, i = 1, 2, · · · , k.nU λ = V∑
bi

, f y∗ > P Wk�2m�-6
V (y) ≥ V (y∗) ≥ V (y) − 2η;

∑
Y ∗

i ≤
∑

Yi + 2η. (2)�$� ∑
Yi = 1

2

∑
|Vi(y) − λbi|. siW�
∑

Vi(y) = V = λ
( ∑

bi

)
=⇒

∑

Vi(y)≥λbi

[Vi(y) − λbi]

=
∑

Vi(y)<λbi

[λbi − Vi(y)] ⇒
∑

Yi =
1

2

∑
|Vi(y) − λbi|.~ XF��� 3 k$^w��A�x5/#C~kS	�v/#C~k$^w	"{��� 3 x5/#C~kS	> O (log V

η
) (or O(log max bi

η
)). h����5:zS
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3, /#C~�� 1 T�� 2 k$^w> O( 1

ε2 km2 log n). �!��� 3 k$^w>�
O(( 1

ε2 km2 log n) · (log V
η
)).5:zS 2, ỹ∗ t P̃ Wk�2m	9R�5: y∗ F ỹ∗ k�TI{� y∗ t P Wk�2m	9A y t MMFP-GFMRk�2��H�= V (y) = V ≥ V (y∗

1). 5:zS 3, V (y∗
0) ≥

1
1+ε0

V T V (y∗
1) ≥ 1

1+ε
V . +R� V − V (y∗

1) ≤ V − 1
1+ε

V = ε
1+ε

V ≤ εV ≤ ηV
(1+ε0)V (y∗

0
) ≤ η,)
 V (y∗

1) ≤ V ≤ V (y∗
1) + η = U (�A V k$'�� MMFP-B; �A ε, V (y∗

1) T U k$'���� 3 k1 1).

1. [�b1 1 *�	nf� y∗ = y∗
0 . 5:zS 3, V (y∗

0) ≥ 1
1+ε0

V . +R� V ≤

(1+ ε0)V (y∗
0). 9A (1+ ε0)V (y∗

0) ≤ η, H�)�1= V ≤ η. At�V ≥ V (y∗) ≥ V − 2η,6 ∑
Y ∗

i ≤ V (y∗) ≤ η ≤
∑

Yi + 2η. x (2) AZ	
2. [�/1 3 �1 6 ℄*�	nf�9A b = 0, (

k⋃
i=1

P̃ i
0) tIek��! V (y∗) =

V (ỹ∗) ≥ 1
1+ε

V (y∗
1). +R�

V ≥V (y∗) ≥
1

1 + ε
V (y∗

1) ≥
1

1 + ε
·

1

1 + ε
V = V −

(
V −

1

1 + ε
·

1

1 + ε
V

)

=V − V
( ε

1 + ε
·
2 + ε

1 + ε

)
≥ V − V · 2ε ≥ V − V ·

2η

(1 + ε0)V (y∗
0)

≥V − 2η
(�$�V (y∗

0) ≥
1

(1 + ε0)
V

)
. (3)h����

∑
Y ∗

i =
∑

max{Vi(y
∗) − λbi, 0} =

∑
max{Vi(ỹ

∗) − λbi, 0}

≤
∑

(λ̃bi − λbi) = U − V = [V (y∗
1) + η] − V ≤ η <

∑
Yi + 2η.�!� (2) AZ (�A λ̃ kz'��1 2).

3. [�/1 5 �1 6 ℄*�	zW�5: V ≤ U T (G̃, c̃, H̃) k�Z����A1
3 F.Æk ỹ∗

1 , ỹ∗
2 T b, H��=N"nge

V (ỹ∗
1) ≥

1

1 + ε
V (y∗

1), V (ỹ∗
2) <

1

1 + ε
V (y∗

1),

k∑

i=1

∑

P∈Pi

ỹ∗
1(P + (ti, t

′
i) + (t′i, t0) + (t0, t̃0)) ≤ b.

(4)5: (4), H�I!)�1n{f ∑
Yi > a (nU� a t.Æk). siW�PI

∑
Yi ≤ a, �{5: y t MMFP-GFMR k�� V (y) ≤ U T (G̃, c̃, H̃) k�Z���H�I!{f�b c̃((t0, t̃0)) = a f�= OPT(P̃) = V (y) = V . n�7t
�b c̃((t0, t̃0)) = af��A P̃ Wk MMFP, 5�� 1 �>Ik� ỹ∗ x(� V (ỹ∗) ≥ 1

1+ε
V ≥ 1

1+ε
V (y∗

1). 9RI{� V (ỹ∗
2) ≥ 1

1+ε
V (y∗

1). nF V (ỹ∗
2) < 1

1+ε
V (y∗

1) y�	�!� ∑
Yi > a.
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1 k�T�H�ge

∑
Y ∗

i ≤
k∑

i=1

∑

P∈Pi

ỹ∗
1(P + (ti, t

′
i) + (t′i, t0) + (t0, t̃0))

+

k∑

i=1

max
{[ ∑

P∈Pi

ỹ∗
1(P + (ti, t

′
i) + (t′i, t̃i))

]
− λbi, 0

}

≤b +

k∑

i=1

(λ̃bi − λbi) = (b − a) + a +

k∑

i=1

(λ̃bi − λbi)

≤η +
∑

Yi + (U − V ) ≤
∑

Yi + η + [(V (y∗
1) + η) − V ]

≤
∑

Yi + 2η, λ =
V∑
bi

, λ̃ =
U∑
bi

(ỹ∗
1 T b t.Æk).�$�

k∑

i=1

∑

P∈Pi

ỹ∗
1(P + (ti, t

′
i) + (t′i, t0) + (t0, t̃0)) ≤ b,

k∑

i=1

max
{[ ∑

P∈Pi

ỹ∗
1(P + (ti, t

′
i) + (t′i, t̃i))

]
− λbi, 0

}
≤

k∑

i=1

(λ̃bi − λbi)6 b − a < η.R6�5:
V (y) = V ≥ V (y∗) = V (ỹ∗

1) ≥
1

1 + ε
V (y∗

1),9 (3) I{ V (y) ≥ V (y∗) ≥ V (y) − 2η. %W� (2) AZ	.℄��$e�� 3 0ib/�k9M*s�5:!WKC({�zS 4 AZ	x%	+>b	`y+W O( 1
ε2 km2 log n) F O(( 1

ε2 km2 log n) · (log V
η
)) t}=:+k���

3 F�� 1 i�Wtlek	h6�9A3 G �I�=(t'�0�`5 n J`�QE���!H�5 n T m P;-*q�QkE�	>9A O(( 1
ε2 km2 log n) · (log V

η
)) �k V F/�k�Q=���!�� 3 �t�2>� MMFP-GFMR k��`o"+�� (�A��`o��kz'I6E [9] r 210 �k=�}�).

6 EWSg>
�x�� 3 vzS 4,  ��q^2[5�� 3 )t��ki�Y#	,Kn^2iYH�f)�1�u
F% MMFP-GFMR. H�k��t,Kb�� Intel(R)

Pentium(R)Dual E2160 @ 1.80GHz 1.80 GHz, 0.99GB RAM k2G��sW[t�� 3k Matlab GÆC~
7Ak	
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qs1 sv1 � sv62 qt3 t′3 s- s- t̃316 16λ̃

qs2

s

s

4
6

8
6

q

qs3

s2

v2

v3s4 24 - v4 s t4 q st′416 - t̃4 s16λ̃ -

s

8

?
v5

5

?

1 -

t1 q

t2 q

t′1 s4-

t′2 s4-

t0 s

3
U

sU

t̃1 s-4λ̃

t̃2 s-4λ̃

t̃0 s-b

6

U

U

?

1 4 W 2 	D# (i) hp#1M 2 (i) b3 4��t v1, v2, v3, v4, v5 T v6 F�=ki'�0<A�23G,
�=ki'>F��kB�04IBO	 c. (s1, s̃1v1, v1)*q v1 tN" 1kR�(v5, ṽ5t1, t1)*q v5 tN" 1 kk�ll	\0n� H = {[s1, t1], [s2, t2], [s3, t3], [s4, t4]}. %Wn�
G, c T H rA�N";v [G, c, H ]. �A t0, t̃0, t

′
i, t̃i T b k$'�;h>�� 3. )�1� (ti, t̃it′i, t

′
i) F�kB\W*qN" i kz>`t bi. \0n� b = (b1, b2, b3, b4) =

(4, 4, 16, 16).PI�~�2t ti }y�e�k�0t vi, f�=k=b'F��k�tTB�074I
�� 3 � �k G̃ F c̃. \0n� H̃ = {[si, t̃i], [si, t̃0] : i = 1, 2, 3, 4}.�A9W�k [G, c, H ] F b �4Ik MMFP-GFMR, * 1 k'4I
[5�� 3v/���>�k	$�Il	5��I!)�1n
�H�k72	
(ii) Q�A (i), p�3 5, ^ s = [1, 1, 2, 4], t = [4, 5, 3, 5] T b = (6, 2, 6, 2), fH�>ge�2 MMFP-GFMR. �A>�( MMFP-GFMR k	$�I�;�* 2.
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5 1 ?�X 2 
E$ (i) i���HM �QDj [s1, t1] [s2, t2] [s3, t3] [s4, t4]y=_ 4 4 16 16��si�_ 2.5 2.5 10 10Rr�H �l_ 2 2 5 16

1 OPT, TSD 25 6Rr�H �l_ 2.5 2.5 4 16

2 OPT, TSD 25 6�� 3 �� O95� η = 0.5 ε0 = 0.02i �l_ 2.4014 2.4015 4.1476 15.7032�H &l_� TSD 24.6528 5.7023�� 2 �� O95� ε = 0.02i �l_ 3.7377 3.7400 1.4491 15.9482�H &l_� TSD 24.8750 8.4259�� 1 �� O95� ε = 0.02i �l_ 3.6545 4.6707 0 16.6216�H &l_� TSD 24.9468 9.9468tU TSD=
∑

max{Vi(y) − λbi, 0} (&U#9), λ = V∑
bi

.5 2 ?�X 2 
E$ (ii) i���HM �QDj [s1, t1] [s2, t2] [s3, t3] [s4, t4]y=_ 4 2 8 2��si�_ 2 1 4 1Rr�H �l_ 3 0.5 4 0.5

V , TSD 8 1�� 3 �� O95� η = 0.2 ε = 0.02i �l_ 2.9447 0.5 3.9986 0.5�H &l_� TSD 7.9433 0.9447�� 2 �� O95� ε = 0.02i �l_ 3.7107 0.3736 3.4131 0.5�H &l_� TSD 7.9974 1.7107�� 1 �� O95� ε = 0.02i �l_ 4.7784 0.0316 2.6774 0.5092�H &l_� TSD 7.9966 2.7784* 1 T* 2 k�I*���A>�F% MMFP-GFMR P
��� 3 tX=ek�/SSn8VA�� 1 T�� 2; zS 4 k�stuEk	R6�,Kn^2iY�H�fI!)�1nS�F% MMFP-GFMR.
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Abstract The present work studies a maximum multicommodity flow problem with global

fair met rate, which not only enriches the content of the maximum multicommodity flow

problem, but also can be used to study the optimization decisions of some practical problems,

such as the operations of logistics distribution stemming out of transportation. The major

contributions are as follows: (A) Propose the problem and prove its solutions exists. (B)

Design a pseudopolynomial approximation algorithm to solve the problem. (C) Propose

and prove an approximation measure of the designed algorithm. (D) Finally, computational

experiments with two instances are conducted using the algorithm.
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